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THE STRUCTURE OF PROJECTIVE MAPS BETWEEN REAL
PROJECTIVE MANIFOLDS
ANDREW M. ZIMMER
Abstract. In this paper we study the set of projective maps between com-
pact proper convex real projective manifolds. We show that this set contains
only finitely many distinct homotopy classes and each homotopy class has the
structure of a real projective manifold. When the target manifold is strictly
convex, our results imply that each non-trivial homotopy class contains at most
one projective map. These results are motivated by the theory of holomorphic
maps between compact complex manifolds.
1. Introduction
A real projective structure on a manifold M is an open cover M = ∪αUα along
with coordinate charts ϕα : Uα → P(R
d+1) such that each transition function
ϕα◦ϕ
−1
β coincides with the restriction of an element in PGLd+1(R). A real projective
manifold is a manifold equipped with a real projective structure. Precise definitions
are given in Section 3.
An important class of real projective manifolds are the so-called convex real
projective manifolds. These are the real projective manifolds that can be identified
as a quotient M = Γ\Ω where Γ ≤ PGLd+1(R) is a discrete group acting properly
discontinuously and freely on a convex open set Ω ⊂ P(Rd+1). Such a manifold is
called proper if Ω is a proper convex set and strictly convex if Ω is a strictly convex
set. More background can be found in the survey papers by Benoist [Ben08],
Goldman [Gol09], Marquis [Mar13], and Quint [Qui10].
Many compact manifolds have a convex real projective structure, for instance:
every real hyperbolic manifold; the locally symmetric spaces associated to SLd(R),
SLd(C), SLd(H), and E6(−26); many examples in low dimensions (see for instance
[Ben06, Vin71, VK67]); and Kapovich [Kap07] has shown that many of the Gromov-
Thurston examples of manifolds with negative curvature have a strictly convex real
projective structure. Moreover, some of these examples have a non-trivial moduli
space of real projective structures.
A projective map f :M1 →M2 between two projective manifolds is a map where
ϕα ◦f ◦φ
−1
β is the restriction of a projective map for any coordinate chart φβ of M1
and ϕα ofM2. Let Proj(M1,M2) denote the space of projective maps endowed with
the compact-open topology and let Aut(M) denote the projective homeomorphisms
M →M .
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2 MAPS BETWEEN REAL PROJECTIVE MANIFOLDS
In this paper we study the set of projective maps between proper convex real
projective manifolds. One of our main results is the following finiteness theorem:
Theorem 1.1. Suppose M1 and M2 are compact proper convex real projective man-
ifolds. If M2 is strictly convex then the set of non-constant maps in Proj(M1,M2)
is finite. Moreover, each non-trivial homotopy class contains at most one real pro-
jective map.
Benoist [Ben04] has shown that the fundamental group of a compact strictly
convex real projective manifold is Gromov hyperbolic and for such structures there
is a natural geodesic flow which is Anosov. So, in some sense, strictly convex real
projective manifolds can be thought of as being negatively curved. Thus Theo-
rem 1.1 can be seen as a real projective analogue of the finiteness of isometries
of a negatively curved compact manifold [Boc46] or the uniqueness of harmonic
maps in a homotopy class when the target manifold is compact and negatively
curved [Har67].
The two non-equivalent real projective structures on Td, the d-torus, show that
both properness and strict convexity are necessary in Theorem 1.1. First, we can
identify Td with Γ1\Ω1 where
Ω1 := {[1 : x1 : · · · : xd] : x1, . . . , xd ∈ R}
and
Γ1 :=
{(
Idd z
0 1
)
: z ∈ Zd
}
.
This structure is not proper and the real projective automorphism group of M1
coincides with SLd(Z), a non-compact group. We can also identify T
d with Γ2\Ω2
where
Ω2 := {[1 : x1 : · · · : xd] : xi > 0 for 1 ≤ i ≤ d}
and
Γ2 :=




ez1
. . .
ezd+1

 : z1, . . . , zd+1 ∈ Z

 .
This structure is proper but not strictly convex. Here the real projective automor-
phism group coincides with Sym(d)⋉Td where Sym(d) is the symmetric group on
d symbols. In particular, the automorphism group is compact but not discrete.
These two examples reflect the general theory: properness will always imply the
set of projective maps is compact while strict convexity will imply discreteness.
Every proper convex real projective manifold has a complete metric called the
Hilbert metric (defined in Section 5) and Kobayashi [Kob77] proved that every
projective map is distance decreasing with respect to the Hilbert metrics. The
distance decreasing property immediately implies that the set of projective maps
between two compact proper convex real projective manifolds is pre-compact. A
simple argument will actually show that it is compact.
Proposition 1.2. Suppose M1 and M2 are compact proper convex real projective
manifolds. Then Proj(M1,M2) is compact. In particular, only finitely many homo-
topy classes can be represented by a real projective map.
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As mentioned above, strict convexity is responsible for the set of projective maps
being discrete. The idea is to lift two homotopic maps f1, f2 : Γ1\Ω1 → Γ2\Ω2 to
maps f˜1, f˜2 : Ω1 → Ω2 and then study the induced maps of the boundaries. Using
the strict convexity and the asymptotic geometry of the Hilbert metic we will show
that the two maps agree on the boundary which will imply that they agree on the
interior.
In the case in which the target manifold is not strictly convex we have no guar-
antee of discreteness, but we can show that each connected component has a real
projective structure. For a map f0 : M1 → M2 between two real projective mani-
folds define the set
[f0] := {f ∈ Proj(M1,M2) : f ∼ f0} .
Theorem 1.3. Given a non-constant projective map f0 : M1 → M2 between two
compact proper convex real projective manifolds the set [f0] is either {f0} or has the
structure of a compact proper convex real projective manifold which is compatible
with the compact-open topology. Moreover, with this structure for any fixed m ∈M1
the map
f ∈ [f0]→ f(m) ∈M2
is projective.
As a corollary to the proof of Theorem 1.1 we will establish:
Corollary 1.4. Given a non-constant projective map f : M1 → M2 between two
compact proper convex real projective manifolds either [f ] = {f} or f∗(π1(M1,m))
has non-trivial centralizer in π1(M2, f(m)).
Given a linear map T : Rd1 → Rd2 one can always find a surjective linear map
S : Rd1 → Rr and an injective linear map I : Rr → Rd2 so that T = I ◦ S. As the
next result shows an analogous result holds for projective maps and the surjective
map can be chosen to depend only on the homotopy class.
Proposition 1.5. Suppose that f0 : M1 → M2 is a non-constant projective map
between two compact proper convex real projective manifolds. Then there exists a
compact proper convex real projective manifold N and a surjective projective map
p : M1 → N with the following property: if f ∈ [f0] then there exists a locally
injective projective map f : N →M2 with f = f ◦ p.
Given f0 : M1 → M2 a non-constant projective map between two compact
proper convex real projective manifolds there are two obvious ways for [f0] to be
infinite. First the projective automorphism group of M1 could be infinite and then
{f0 ◦ φt : t ∈ R} ⊂ [f0] for any one-parameter subgroup of Aut(M1). Second f0
could factor through a productM1 →M1×L→M2. Then if the mapM1×L→M2
is projective on each fiber we again have infinitely many maps in [f0]. The next
theorem shows that these are essentially the only two possibilities:
Theorem 1.6. With the notation in Proposition 1.5, [f0] 6= {f0} if and only if
either
(1) Aut(N) is infinite
(2) there exists a compact proper convex real projective manifold L and a con-
tinuous locally injective map F : N × L→M2 such that
(a) for any fixed ℓ ∈ L the map n ∈ N → F (n, ℓ) is projective,
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(b) for any fixed n ∈ N the map ℓ ∈ L→ F (n, ℓ) is projective, and
(c) there exists ℓ0 ∈ L such that f0(m) = F (p(m), ℓ0) for all m ∈M1.
Remark 1.7.
(1) In general a product of real projective manifolds does not have a real pro-
jective structure and so F being projective on each fiber is the best one can
expect.
(2) If [f0] 6= {f0} then we know from Corollary 1.4 that (f0)∗(π1(M1,m)) has
non-trivial centralizer C in π1(M2, f0(m)). The first case happens when
C ∩ (f0)∗(π1(M1,m)) 6= 1
while the second case happens when
C ∩ (f0)∗(π1(M1,m)) = 1.
(3) As we will see, the manifold L coincides with [f0] and the map F is simply
F (n, ℓ) = ℓ(n).
1.1. A characterization of proper convex real projective manifolds. The
starting point in this study is Proposition 1.2 which uses the distance decreasing
property of the Hilbert metric. The Hilbert metric is usually only defined for
convex real projective manifolds (see Section 5), but in fact every real projective
manifold has a natural pseudo-metric. In particular, Kobayashi [Kob77] introduced
the following Finsler pseudo-metric on a real projective manifold
hkobM (p; v) = inf{|ξ| : f : (−1, 1)→M is projective, f(0) = p, df0(ξ) = v}
and the integrated pseudo-distance
HkobM (p, q) = inf
{∫ 1
0
hkobM (σ(t);σ
′(t))dt : σ : [0, 1]→M is C∞, σ(0) = p, σ(1) = q
}
.
By definition these metrics are distance decreasing with respect to projective maps.
Moreover, Kobayashi proved that for convex real projective manifolds this metric
coincides with the Hilbert metric. One could then hope to generalize the results
of this paper to the real projective manifolds for which this pseudo-metric is non-
degenerate. Unfortunately Kobayashi proved the following:
Theorem 1.8. [Kob77] Suppose M is a compact real projective manifold. Then
the following are equivalent:
(1) If A ⊂ P(R2) is an affine chart then every real projective map A → M is
constant,
(2) HkobM is non-degenerate,
(3) M is a compact proper convex real projective manifold.
1.2. Complex Manifolds. Some of the results above are motivated by the theory
of holomorphic maps between complex manifolds. In particular, any complex man-
ifold has a possibly degenerate metric called the Kobayashi metric. The Kobayashi
metric has the remarkable property that any holomorphic map f : M1 → M2
is distance decreasing. In some cases, for instance complex projective space, the
Kobayashi metric is trivial but when it is an actual metric one can use this distance
decreasing property to establish compactness of holomorphic maps. Moreover for
compact manifolds, there is a simple (to state) characterization due to Brody of
when the metric is non-degenerate.
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Theorem 1.9. [Bro78, Theorem 4.1] Suppose M is a compact complex manifold.
Then the Kobayashi metric is non-degenerate if and only if every holomorphic map
C→M is constant.
So Theorem 1.1 can be seen as an analogue of the following theorem in complex
analysis:
Theorem 1.10. [Kob70, pg. 70] Suppose M is a compact complex manifold. If
every holomorphic map C → M is constant then the group of bi-hilomorphisms of
M is finite.
We should remark that the standard proof Theorem 1.10 is different from the ar-
guments in our paper. Bochner and Montgomery proved that the bi-holomorphism
group of an compact complex manifold is a complex Lie group [BM47]. In the case
in which the Kobayashi metric is non-degenerate, it acts by isometries and thus
will be compact Lie group. Then the group is either finite or contains a complex
one-parameter group {exp(zX) : z ∈ C}. In the latter case, for a generic m ∈ M
the map z → exp(zX) ·m is a non-constant holomorphic map of C→ M which is
impossible when the Kobayashi metric is non-degenerate.
One might hope to simply repeat the proof of Theorem 1.10 in the real projective
setting. However, this will have little hope of succeeding because the projective
automorphism group of Td with its proper projective structure need not be finite.
Acknowledgments. I would like to thank Benson Farb for many helpful con-
versations, in particular explaining why the set of bi-holomorphisms between two
compact hyperbolic surfaces is finite and asking whether a similar result holds for
real projective manifolds. This material is based upon work supported by the Na-
tional Science Foundation under Grant Number NSF 1045119 and Grant Number
NSF 1400919.
2. Notation
Given some object o we will let [o] be the projective equivalence class of o, for
instance: if v ∈ Rd+1 \{0} let [v] denote the image of v in P(Rd+1), if φ ∈ GLd+1(R)
let [φ] denote the image of φ in PGLd+1(R), and if T ∈ Lin(R
d1+1,Rd2+1) \ {0} let
[T ] denote the image of T in P(Lin(Rd1+1,Rd2+1)).
3. Convex real projective manifolds
A real projective atlas on a second countable Hausdorff space M is a pair (U ,Φ)
where U = {Uα} is an open covering of M and Φ =
{
φα : Uα → P(R
d+1)
}
is a
collection of homeomorphisms onto open sets of P(Rd+1) such that φα ◦ φ
−1
β is the
restriction of some element of PGLd+1(R) to φβ(Uα ∩ Uβ). Given an atlas, a pair
(Uα, φα) is called a chart on M .
Definition 3.1. A real projective structure on a second countable Hausdorff space
M is a maximal projective atlas (U ,Φ). A topological space M equipped with a
projective structure is called a projective manifold.
If f : M → N is a local diffeomorphism and N has a real projective structure,
there is a unique real projective structure on M making the map f : M → N
a projective map (see below). So if M is a projective manifold, we can lift the
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projective structure to the universal cover M˜ of M . Then fixing a base point
x˜0 ∈ M˜ over some x0 ∈ M we can use our charts to define a homomorphism
hol : π1(M,x0)→ PGLd+1(R) called the holonomy map and a local diffeomorphism
dev : M˜ → P(Rd+1) called the developing map. In general these maps are only
defined up to conjugation in PGLd+1(R) and the developing map will be equivariant
with respect to the holonomy map. All these definitions come from the general
theory of geometric structures on manifolds and details can be found in [Gol88,
Section 2].
A set Ω ⊂ P(Rd+1) is convex if L∩Ω is connected and L∩Ω 6= L for any projective
line L ⊂ P(Rd+1). A convex set Ω is proper if L ∩ Ω 6= L for any projective line
L ⊂ P(Rd+1). Finally a convex set Ω is called strictly convex if the intersection of
∂Ω with any projective line is at most two points. It is possible to show that Ω is
a proper convex open set if and only if there exists an affine chart containing Ω as
a bounded convex open set.
Definition 3.2. A projective manifold M is called convex if the developing map
dev : M˜ → P(Rd+1) is a diffeomorphism onto a convex open set Ω in P(Rd+1). A
convex projective manifold is called proper if Ω is a proper convex set. A convex
projective manifold is called strictly convex if Ω is a strictly convex set.
By definition every convex real projective manifold M can be identified with a
quotient Γ\Ω where
Ω := dev(M˜) ⊂ P(Rd+1)
is a convex open set and
Γ := hol(π1(M,x0)) ≤ PGLd+1(R)
is a discrete group which acts properly discontinuously and freely on Ω.
3.1. Projective maps. Given two real projective manifolds M1 and M2, we say
a map f : M1 → M2 is a projective map if for each chart φα : Uα → P(R
d1+1)
on M1 and chart φβ : Vβ → P(R
d2+1) on M2, the composition φβ ◦ f ◦ φ−1α
coincides on φα(Uα ∩ f−1(Vβ)) with some map of the form x → T (x) where
T ∈ P(Lin(Rd1+1,Rd2+1)).
As the next result shows when M1 = Γ1\Ω1 and M2 = Γ2\Ω2 are convex real
projective manifold any projective map f : M1 →M2 can be lifted to a projective
map T : Ω1 → Ω2.
Proposition 3.3. Suppose M1 = Γ1\Ω1 and M2 = Γ2\Ω2 are convex projective
manifolds and f :M1 →M2 is a non-constant projective map. Let f˜ : Ω1 → Ω2 be
a lift of f . Then
(1) f˜ : Ω1 → Ω2 is a projective map,
(2) there exists a unique T ∈ P(Lin(Rd1+1,Rd2+1)) such that
f˜(p) = T (p) for all p ∈ Ω1,
(3) there exists a non-trivial homomorphism ρ : Γ1 → Γ2 such that
T (γp) = ρ(γ)T (p)
for all p ∈ Ω1 and γ ∈ Γ1,
(4) [kerT ] is Γ1-invariant.
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Remark 3.4. Suppose S1, S2 ∈ Lin(R
d1+1,Rd2+1) are two rank one linear maps with
the same image but kerS1 6= kerS2. If Ω1 is a convex open set and [kerS1 ∪ kerS2]
does not intersect Ω1 then [S1] and [S2] induce the same projective map on Ω1 even
though [S1] 6= [S2] as elements of P(Lin(R
d1+1,Rd2+1)). This example leads to the
assumption that f is non-constant in Proposition 3.3.
We begin the proof of the proposition with some lemmas.
Lemma 3.5. Suppose Ω1 ⊂ P(R
d1+1) and Ω2 ⊂ P(R
d2+1) are proper open convex
sets. If f : Ω1 → Ω2 is a projective map then there exists T ∈ P(Lin(R
d1+1,Rd2+1))
such that f(p) = T (p) for all p ∈ Ω1.
Proof. This follows from the fact that (Ω1, Id) and (Ω2, Id) are charts on Ω1 and
Ω2 respectively. 
Lemma 3.6. Suppose T ∈ P(Lin(Rd1+1,Rd2+1)) is a map with rank at least two.
Then
[kerT ] = {x ∈ P(Rd1+1) : lim
y→x
T (y) does not exist}.
Proof. Since the map x → T (x) is well defined and analytic on P(Rd1+1) \ [kerT ]
we have the ⊇ direction.
Now suppose v ∈ kerT . Since T has rank at least two there exists e1, e2 ∈
R
d1+1 \ kerT such that T ([e1]) 6= T ([e2]) then
lim
n→∞
T
([
v +
1
n
e1
])
= T ([e1]) 6= T ([e2]) = lim
n→∞
T
([
v +
1
n
e2
])
.

Lemma 3.7. Suppose T1, T2 ∈ P(Lin(R
d1+1,Rd2+1)) each have rank at least two.
If there exists an open set U ⊂ P(Rd1+1) such that T1(x) = T2(x) for all x ∈ U
then T1 = T2.
Proof. Since T1 and T2 each have rank at least two, the set V = P(R
d1+1)\ [kerT1∪
kerT2] is connected. Moreover x→ T1(x) and x→ T2(x) are analytic on V . Since
they agree on an open set, they must agree on all of V . Then using Lemma 3.6 we
see that kerT1 = kerT2 and then that T1(x) = T2(x) for all x ∈ P(R
d1+1) \ [kerTi].
This implies that T1 = T2. 
Proof of Proposition 3.3. For i ∈ {1, 2} let πi : Ωi → Mi be the covering map.
Notice that π1 and π2 are projective maps and local diffeomorphisms. Since π2◦f˜ =
f ◦ π1 and the projectivity of a map is a local condition we see that f˜ is projective
as well. By Lemma 3.5 there exists T ∈ P(Lin(Rd1+1,Rd2+1)) such that
T (p) = f˜(p) for all p ∈ Ω1.
Since f˜ is non-constant, T has rank at least two. Thus, by Lemma 3.7, T is unique.
Since f˜ is a lift of f there exists a homomorphism ρ : Γ1 → Γ2 such that
T (γp) = f˜(γp) = ρ(γ)f˜(p) = ρ(γ)T (p)
for all p ∈ Ω1 and γ ∈ Γ1. We claim that ρ is non-trivial. Fix some p ∈ Ω. By
Lemma 5.8
Ext(Ω1) ⊂ Γ1 · p.
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Then if ρ was trivial, we would have that T (Ext(Ω1)) = T (p) which would imply
that T (Ω1) = T (p). But this is impossible since f is non-constant.
Now assume γ ∈ Γ1. Then (T ◦ γ)(p) = (ρ(γ) ◦ T )(p) for all p ∈ Ω1. Hence by
Lemma 3.7, (T ◦ γ) = (ρ(γ) ◦ T ). Then
γ−1[kerT ] = [ker(T ◦ γ)] = [ker(ρ(γ) ◦ T )] = [kerT ].
Since γ ∈ Γ1 was arbitrary this implies that [kerT ] is Γ1-invariant. 
4. Convex cones, irreducibility, and lifting projective maps
At times it will be helpful to work in affine space instead of projective space. To
this end, suppose M = Γ\Ω is a compact proper convex real projective manifold.
Since Ω is convex the preimage of Ω under the map Rd+1 \{0} → P(Rd+1) has two
components C and −C. Each component is a convex open cone which does not
contain any affine lines. Let
Γ = {γ ∈ SL±d+1(R) : γ(C) = C and [γ] ∈ Γ}
where
SL±d+1(R) = {γ ∈ GLd+1(R) : det(γ) = ±1}.
Notice that the map γ → [γ] induces an isomorphism Γ → Γ, since C ∩(−C) = ∅
and so γ and −γ cannot both preserve C. Now let
Λ :=
〈
Γ, e Id
〉
∼= Γ× Z
then Λ is discrete and acts co-compactly on C.
4.1. Reducibility.
Definition 4.1.
(1) A convex cone C ⊂ Rd+1 is called proper if C does not contain any affine
lines.
(2) A proper convex cone C ⊂ Rd+1 is called reducible if there exists a decom-
position Rd+1 = V1 ⊕ V2 and proper convex cones C1 ⊂ V1 and C2 ⊂ V2
such that
C = C1+ C2 = {(c1, c2) : c1 ∈ C1, c2 ∈ C2}.
A proper convex cone is irreducible if it is not reducible.
Vey proved that when M = Γ\Ω is a proper convex real projective manifold and
Ω is irreducible then a discrete lift of Γ acts irreducibly on Rd+1. More precisely:
Theorem 4.2. [Vey70, Theorem 3, Theorem 5] Suppose C ⊂ Rd+1 is a proper
convex open cone and Λ ≤ GLd+1(R) is a discrete group acting co-compactly on C.
Then there exists a Λ-invariant decomposition Rd+1 = V1 ⊕ V2 ⊕ · · · ⊕ Vk such that
(1) Λ acts irreducibly on each Vi
(2) for each 1 ≤ i ≤ k there is a proper convex cone Ci ⊂ Vi such that
C = C1+ · · ·+ Ck .
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4.2. Lifting projective maps to linear maps. Now suppose that M1 = Γ1\Ω1
and M2 = Γ2\Ω2 are two compact proper convex real projective manifolds. If f :
M1 →M2 is a non-constant projective map then let T : Ω1 → Ω2 and ρ : Γ1 → Γ2
be the maps from Proposition 3.3. Let C1, C2 be cones above Ω1,Ω2 and Λ1,Λ2 be
the groups constructed at the start of this section. Now we can lift ρ : Γ1 → Γ2
to a homomorphism τ : Λ1 → Λ2 and the projective map T : Ω1 → Ω2 to a linear
map S : C1 → C2 so that
S(φp) = τ(φ)S(p)
for all φ ∈ Λ1 and p ∈ C1.
5. The Hilbert metric
For distinct points x, y ∈ P(Rd+1) let xy be the projective line containing them.
Suppose Ω ⊂ P(Rd+1) is a proper convex open set. If x, y ∈ Ω let a, b be the two
points in xy ∩ ∂Ω ordered a, x, y, b along xy. Then define
dΩ(x, y) = log[a, x, y, b]
where
[a, x, y, b] =
|x− b| |y − a|
|x− a| |y − b|
is the cross ratio.
For an open set Ω ⊂ P(Rd+1) define
Aut(Ω) = {ϕ ∈ PGLd+1(R) : ϕ(Ω) = Ω}.
Proposition 5.1. (see for instance [Gol09, Corollary 3.4]) Suppose Ω ⊂ P(Rd+1)
is a proper convex open set. Then dΩ is a complete Aut(Ω)-invariant metric on Ω
which generates the standard topology on Ω.
As an immediate corollary we have:
Corollary 5.2. Suppose Ω ⊂ P(Rd+1) is a proper convex open set. Then Aut(Ω) ≤
PGLd+1(R) is a closed Lie subgroup which acts properly on Ω.
If M = Γ\Ω is a proper convex real projective manifold and π : Ω → M is the
covering map then we can define
dM (p, q) = inf
{
dΩ(p˜, q˜) : p˜ ∈ π
−1(p) and q˜ ∈ π−1(q)
}
.
Then dM will be a complete metric invariant under the projective automorphisms
of M . Kobayashi proved the following distance decreasing property of the Hilbert
metric:
Lemma 5.3. [Kob77] Suppose f : M1 → M2 is a projective map of two proper
convex projective manifolds. Then
dM2(f(p), f(q)) ≤ dM1(p, q)
for all p, q ∈M1.
A proof of Lemma 5.3 can also be found in [Gol09, Proposition 3.3].
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5.1. The asymptotic geometry of the Hilbert metric. There are deep connec-
tions between the shape of ∂Ω and the asymptotic geometry of the Hilbert metric
on Ω (see for instance [Ben03, Ben04, Cra14, KN02]). The next two observations
are well known but since the proofs are short we will include them.
Definition 5.4. A line segment in P(Rd+1) is a connected subset of a projective
line.
Lemma 5.5. Suppose Ω ⊂ P(Rd+1) is a proper convex open set and pn ∈ Ω is a
sequence with pn → p ∈ ∂Ω in the ambient topology of P(R
d+1). If qn ∈ Ω is a
sequence such that qn → q and limn→∞ dΩ(pn, qn) < +∞ then either
(1) p = q or
(2) p and q are in the interior of a line segment in ∂Ω.
Proof. Let {an, bn} = ∂Ω ∩ pnqn labelled so that
dΩ(pn, qn) = log
|pn − bn| |qn − an|
|pn − an| |qn − bn|
.
We may suppose that p 6= q (otherwise there is nothing to prove). By passing to
a subsequence we can suppose that an → a and bn → b. Since p 6= q we see that
a 6= q and b 6= p. Then
lim
n→∞
dΩ(pn, qn) = log (|p− b| |q − a|) + lim
n→∞
log
1
|p− an| |q − bn|
Since the limit is finite, we must have that p 6= a and q 6= b which implies that p
and q are in the interior of a line segment with end points a and b in ∂Ω. 
Definition 5.6. Suppose Ω is a proper convex open set. The extreme points of Ω,
denoted Ext(Ω), are the points in ∂Ω which are not contained in the interior of a
line segment in ∂Ω.
Remark 5.7. If Ω ⊂ P(Rd+1) is a proper convex open set then there exists an affine
chart of P(Rd+1) which contains Ω as a bounded convex open set. In this affine
chart ξ ∈ Ext(Ω) if and only if ξ is an extreme point of Ω in the usual sense.
Lemma 5.8. Suppose Ω is a proper convex open set and G ≤ Aut(Ω) is a subgroup
which acts co-compactly on Ω. Then Ext(Ω) ⊂ G · x for every x ∈ Ω. Moreover, if
G does not have any invariant proper projective subspaces then Ext(Ω) ⊂ G · x for
every x ∈ Ω
Remark 5.9. By Theorem 4.2, if M = Γ\Ω is a compact proper convex real pro-
jective manifold and Ω is irreducible then Γ will not have any invariant proper
projective subspaces.
Proof. Suppose that ξ ∈ Ext(Ω) is an extreme point in ∂Ω. Then there exists
pn ∈ Ω such that pn → ξ. Fix some x0 ∈ Ω, then we can find a sequence ϕn ∈ G
such that
dΩ(ϕnx0, pn) ≤ R
for some R <∞. Now for any x ∈ Ω we have
dΩ(ϕnx, pn) ≤ dΩ(ϕnx, ϕnx0) + dΩ(ϕnx0, pn) ≤ dΩ(x, x0) +R.
MAPS BETWEEN REAL PROJECTIVE MANIFOLDS 11
And so Lemma 5.5 implies that ϕnx→ ξ. Since ξ was an arbitrary extreme point,
this completes the proof in the case in which x ∈ Ω.
Now suppose that G does not have any proper invariant projective subspaces.
Let ϕ̂n ∈ GLd+1(R) be representatives of ϕn such that ‖ϕ̂n‖ = 1. By passing to
a subsequence we can suppose that ϕ̂n → S in End(R
d+1). Now if x ∈ P(Rd+1) \
[kerS] then [S](x) = limn→∞ ϕnx. But we know that ϕnx→ ξ for all x ∈ Ω. Since
Ω is an open set this implies that Im(S) = ξ (viewing ξ as a line in Rd+1).
Now suppose that x ∈ ∂Ω. Since G has no proper invariant projective subspaces
there exists φ ∈ G such that φx /∈ [kerS]. Then ϕnφx → [S](x) = ξ. Since ξ was
an arbitrary extreme point, this completes the proof. 
5.2. The Hilbert metric on a convex cone. Recall that a convex open cone
C ⊂ Rd is called proper if C does not contain any affine lines. If C ⊂ Rd is a proper
convex open cone and we view Rd as an affine chart of P(Rd+1) then C will be a
proper convex open set of P(Rd+1). In particular, C has a Hilbert metric dC which
has all the properties established above.
6. Proof of Proposition 1.2
Suppose M1 = Γ1\Ω1 and M2 = Γ2\Ω2 are compact proper convex real projec-
tive manifolds and fn :M1 →M2 is a sequence of projective maps. By Lemma 5.3
each fn is distance decreasing with respect to the Hilbert metric, so we may pass
to a subsequence so that fn → f in the compact-open topology.
We claim that f is projective. This follows immediately from the local version of
the fundamental theorem of projective geometry, but we will provide a direct proof.
First lift each fn to a projective map f˜n : Ω1 → Ω2. By choosing the lifts correctly,
we may assume that f˜n → f˜ where f˜ is a lift of f . Now by Proposition 3.3 there
exists Tn ∈ P(Lin(R
d1+1,Rd2+1)) so that f˜n(p) = Tn(p) for all p ∈ Ω1. We can pick
a representative Sn ∈ Lin(R
d1+1,Rd2+1) of Tn so that ‖Sn‖ = 1 and then pass to
a subsequence so that Sn → S in Lin(R
d1+1,Rd2+1). Then for p ∈ Ω1 \ [kerS] we
have that f˜(p) = [S](p). By Lemma 5.3
dΩ2(f˜(p), f˜(q)) ≤ dΩ1(p, q)
for all p, q ∈ Ω1. Since f˜ and [S] agree on Ω1\[kerS] we see that
{x ∈ Ω1 : lim
y→x
[S](x) does not exist} = ∅.
So by Lemma 3.6 we see that Ω1∩ [kerS] = ∅ and hence that f˜ is a projective map.
Since f˜ is a lift of f we then see that f is a projective map.
Finally, since M2 is compact each homotopy class is open in the space of contin-
uous functions and so the set of projective maps from M1 to M2 can contain only
finitely many distinct homotopy classes.
7. Proof of Theorem 1.3
Suppose M1 = Γ1\Ω1 and M2 = Γ2\Ω2 are compact proper convex real projec-
tive manifolds and f0 : M1 → M2 is a projective map. As in Subsection 3.1, we
can lift f0 to a map T0 : Ω1 → Ω2 and T0 is ρ-equivariant for some homomorphism
ρ : Γ1 → Γ2.
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Let
Proj(Ω1,Ω2) ⊂ P(Lin(R
d1+1,Rd2+1))
be the space of projective maps with T (Ω1) ⊂ Ω2. Now Γ2 acts on Proj(Ω1,Ω2) by
(ϕ · T )(x) = ϕ · (T (x)). The action is proper and co-compact because the action of
Γ2 on Ω2 is proper and co-compact.
Next let
Proj(Ω1,Ω2)
ρ ⊂ Proj(Ω1,Ω2)
be the subset of ρ-equivariant projective maps. Given any f ∈ [f0] we can lift f to a
ρ-equivariant projective map T : Ω1 → Ω2. Conversely any ρ-equivariant projective
map T : Ω1 → Ω2 descends to a projective map f : M1 → M2 which is homotopic
to f0. In particular we can identify [f0] with
G\Proj(Ω1,Ω2)
ρ
where G := {γ ∈ Γ2 : γ Proj(Ω1,Ω2)ρ = Proj(Ω1,Ω2)ρ}. Since f0 is non-constant,
Proposition 3.3 implies that ρ is non-trivial. Thus each T ∈ Proj(Ω1,Ω2)ρ is non-
constant and has rank at least two. Thus by Lemma 3.7 the compact-open topology
on [f0] coincides with the quotient topology on G\Proj(Ω1,Ω2)ρ.
Now for ϕ ∈ Γ2 let ρϕ : Γ1 → Γ2 be the homomorphism ρϕ(γ) = ϕρ(γ)ϕ−1.
Then
ϕProp(Ω1,Ω2)
ρ = Prop(Ω1,Ω2)
ρϕ
so G = CΓ2(ρ(Γ1)) and [f0] can actually be identified with
CΓ2(ρ(Γ1))\Proj(Ω1,Ω2)
ρ.
All of these observations reduce Theorem 1.3 and Corollary 1.4 to:
Proposition 7.1. Suppose that Prop(Ω1,Ω2)
ρ contains at least two distinct maps.
Then Proj(Ω1,Ω2)
ρ is a proper convex open set of positive dimension in some
projective subspace P of P(Lin(Rd1+1,Rd2+1)). Moreover, CΓ2(ρ(Γ1)) acts co-
compactly on Proj(Ω1,Ω2)
ρ.
The Proposition will follow from a series of Lemmas.
Lemma 7.2. The space
[f0] = CΓ2(ρ(Γ1))\Proj(Ω1,Ω2)
ρ
is compact.
Proof. Given a sequence fn ∈ [f0] we can use Proposition 1.2 to pass to a subse-
quence so that fn → f where f :M1 →M2 is projective map. SinceM2 is compact
each homotopy class is open, so for n large fn is homotopic to f . Thus f ∈ [f0].
Since fn was an arbitrary sequence in [f0] we see that [f0] is compact. 
It remains to show that Proj(Ω1,Ω2)
ρ is a proper convex open set of positive
dimension in some projective subspace P of P(Lin(Rd1+1,Rd2+1)). To establish this
it will be helpful to work in the affine world.
Let C1 and C2 be proper convex open cones above Ω1 and Ω2 respectively. As
in Section 4 we can lift each Γi to a discrete group Λi ≤ Aut(Ci) which acts
freely, properly discontinuously, and co-compactly on Ci. We can also lift ρ to
a homomorphism τ : Λ1 → Λ2 and T0 to a linear map S0 : C1 → C2 which is
τ -equivariant.
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Now let Lin(C1, C2)τ be the set of τ -equivariant linear maps with S(C1) ⊂ C2.
Then there is a natural map
π : Lin(C1, C2)
τ → Proj(Ω1,Ω2)
ρ.
Clearly any map T ∈ Proj(Ω1,Ω2)ρ can be lifted to a map S ∈ Lin(C1, C2)τ and so
π is onto.
Lemma 7.3. If S1, S2 ∈ Lin(C1, C2)τ then there exists R ≥ 0 so that
dC2(S1(x), S2(x)) ≤ R
for all x ∈ C1.
Proof. This follows from the fact that Λ1 acts co-compactly on C1 and the fact that
both maps are τ -equivariant. 
Lemma 7.4. If there exists two distinct T1, T2 ∈ Proj(Ω1,Ω2)ρ then Proj(Ω1,Ω2)ρ
is a proper convex open set of positive dimension in some projective subspace P of
P(Lin(Rd1+1,Rd2+1)).
Proof. With the notation above, let V ≤ Lin(Rd1+1,Rd2+1) be the smallest linear
subspace which contains Lin(C1, C2)τ . It is enough to show that Lin(C1, C2)τ is an
open proper convex cone in V .
Notice that Lin(C1, C2)τ cannot contain any affine lines because C2 is proper.
Moreover, Lin(C1, C2)τ is closed under scalar multiplication by a positive number.
Thus we only need to show that Lin(C1, C2)τ is an open convex subset of V . To
establish this it is enough to prove: for any S1, S2 ∈ Lin(C1, C2)τ there exists ǫ > 0
such that
λS1 + (1 − λ)S2 ∈ Lin(C1, C2)
τ
for every λ ∈ (−ǫ, 1 + ǫ).
So suppose that S1, S2 ∈ Lin(C1, C2)
τ . Since C2 is open and convex, for any
p ∈ C1 there exists a maximal δ(p) ∈ (0,∞] such that
λS1(p) + (1 − λ)S2(p) ∈ C2
for λ ∈ (−δ(p), 1 + δ(p)).
We claim that δ(p) is bounded from below. By Lemma 7.3 there exists R ≥ 0
such that
dC2(S1(p), S2(p)) ≤ R
for all p ∈ C1. Now let p ∈ C1 and {a, b} = ∂ C2 ∩S1(p)S2(p) ordered a, S1(p), S2(p), b
along the line S1(p)S2(p) (here it is possible for one of a or b to be ∞). Then
R ≥dC2(S1(p), S2(p)) = log
|S1(p)− b| |S2(p)− a|
|S1(p)− a| |S2(p)− b|
= log
|S1(p)− b|
|S2(p)− b|
+ log
|S2(p)− a|
|S1(p)− a|
.
We may assume that S1(p) 6= S2(p) because otherwise δ(p) = ∞. By possibly
relabeling S1 and S2 we can also assume that δ(p) |S1(p)− S2(p)| = |S1(p)− a|.
Then
R ≥ dC2(S1(p), S2(p)) ≥ log
|S2(p)− a|
|S1(p)− a|
≥ log
|S2(p)− S1(p)|
|S1(p)− a|
≥ log
1
δ(p)
.
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Hence δ(p) ≥ e−R.
Thus S = λS1 + (1− λ)S2 is in Lin(C1, C2)τ for every λ ∈ (−e−R, 1 + e−R). 
8. Proof of Proposition 1.5 and Theorem 1.6
We begin by proving Proposition 1.5 whose statement we recall:
Proposition 8.1. Suppose that f0 : M1 → M2 is a non-constant projective map
between two compact proper convex real projective manifolds. Then there exists a
compact proper convex real projective manifold N and a surjective projective map
p : M1 → N with the following property: if f ∈ [f0] then there exists a locally
injective projective map f : N →M2 with f = f ◦ p.
We will need one lemma:
Lemma 8.2. Suppose Ω ⊂ P(Rd) is a proper convex open set and G ≤ Aut(Ω) is
a subgroup. If G acts freely on Ω then G is torsion free.
Proof. Suppose that gn = 1 for some g ∈ G. For p ∈ Ω let Cp be the convex hull
of the points {gzp : z ∈ Z}. Then Cp ⊂ Ω is compact, convex, and g-invariant. So
by the Brouwer fixed-point theorem g has a fixed point in Cp. Since G acts freely
on Ω we see that g = 1. 
Proof of Proposition 8.1. Assume M1 = Γ1\Ω1 and M2 = Γ2\Ω2. As in Proposi-
tion 3.3 we can lift f0 to a ρ-equivariant map T0 : Ω1 → Ω2 for some homomorphism
ρ : Γ1 → Γ2.
Let C1 and C2 be proper convex open cones above Ω1 and Ω2 respectively. As
in Section 4 we can lift each Γi to a discrete group Λi ≤ Aut(Ci) which acts
freely, properly discontinuously, and co-compactly on Ci. We can also lift ρ to
a homomorphism τ : Λ1 → Λ2 and T0 to a linear map S0 : C1 → C2 which is
τ -equivariant.
By Proposition 3.3, U := kerS0 is a Λ1-invariant subspace and by Thereom 4.2
there exists a Λ1-invariant decomposition R
d1+1 = U ⊕W and proper convex cones
CU ⊂ U and CW ⊂ W such that C1 = CU + CW . Let pU : R
d1+1 → U and
pW : R
d1+1 →W be the natural projections and πU : Λ1 → GL(U) and πW : Λ1 →
GL(W ) be the natural restrictions.
Now let V := S0(R
d1+1) then S0 descends to a linear isomorphism S0 :W → V
which maps CW into C2 ∩V . Moreover
τ(φ)S0(w) = τ(φ)S0(u,w) = S0(φ · (u,w)) = S0(πW (φ)w)
for φ ∈ Λ1 and (u,w) ∈ CU + CW . In particular, if πW (φ) = 1 then τ(φ)S0(w) =
S0(w) for every w ∈ CW . Since Λ2 acts freely on C2 we see that if πW (φ) = 1
then τ(φ) = 1. Thus there exists a homomorphism τ : πW (Λ1) → Λ2 such that
τ = τ ◦ πW . The above formula then implies that
τ(φ) ◦ S0 = S0 ◦ φ
and the injectivity of S0 implies that τ is injective.
Now let
G := {ϕ|V : ϕ ∈ Λ2, ϕ(V ) = V } ≤ Aut(C2 ∩V ).
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Since the action of G on C2 ∩V is properly discontinuous and free we see that G is
discrete and torsion-free. Then
πW (Λ1) ≤ S
−1
0
(
(τ ◦ πW )(Λ1)
)
S0 ≤ S
−1
0 GS0
is also discrete and torsion-free. Now let ΩW be the image of CW in P(W ) and
ΓW be the image of πW (Λ1) in PGL(W ). Since {ez Id : z ∈ Z} ≤ πW (Λ1) the
group ΓW is discrete and torsion-free in PGL(W ). Then N := ΓW \ΩW is a proper
convex real projective manifold. Moreover the map pW : C1 → CW descends to a
projective map p :M1 → N and so N is compact.
Now suppose that f ∈ [f0] then we can lift f to a linear map S : C1 → C2 which
is τ -equivariant. We first claim that kerS = kerS0. Since Λ1 acts co-compactly on
C1 and S, S0 are τ -equivariant there exists R ≥ 0 such that
dC2(S(p), S0(p)) ≤ R
for all p ∈ C1. Then if v ∈ kerS0 we have
dC2(S(p) + tS(v), S0(p)) ≤ R
whenever p + tv ∈ C1. Which implies, by the properness of the metric dC2 , that
S(v) = 0. Thus kerS0 ⊂ kerS. Switching the roles of S0 and S in the above
argument shows that kerS ⊂ kerS0. So kerS = kerS0 and there exists an injective
linear map S : W → Rd2+1 such that S = S ◦ pW . Then S is τ -equivariant and the
map S : CW → C2 descends to a map f : N →M2 such that f = f ◦ p. 
We can now prove Theorem 1.6 whose statement we recall:
Proposition 8.3. With the notation in Proposition 1.5, [f0] 6= {f0} if and only if
either
(1) Aut(N) is infinite
(2) there exists a compact proper convex real projective manifold L and a con-
tinuous locally injective map F : N × L→M2 such that
(a) for any fixed ℓ ∈ L the map n ∈ N → F (n, ℓ) is projective,
(b) for any fixed n ∈ N the map ℓ ∈ L→ F (n, ℓ) is projective, and
(c) there exists ℓ0 ∈ L such that f0(m) = F (p(m), ℓ0) for all m ∈M1.
Proof. We will freely use the notation from the proof of Proposition 8.1. Let
ΛW := πW (Λ1).
Case 1: ΛW ≤ GL(W ) does not act irreducibly on W . Then by Theorem 4.2
there exists a ΛW -invariant decomposition W =W1 ⊕W2 and proper convex open
cones CW,1 ⊂ W1 and CW,2 ⊂ W2 such that CW = CW,1+ CW,2. Then, since this
decomposition is ΛW -invariant, we see that the group
H :=
{(
a IdW1 0
0 b IdW2
)
: a, b > 0
}
is a subgroup of Aut(CW ) and centralizes ΛW . Then the action of H on CW de-
scends to a projective action on N and hence Aut(N) is infinite.
Case 2: ΛW ≤ GL(W ) acts irreducibly on W . Suppose f0 = f0 ◦ p. Let L := [f0]
and F : N × L→M2 be the map given by F (n, ℓ) = ℓ(n). By Theorem 1.3
(1) L is a compact proper convex real projective manifold,
(2) F is continuous,
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(3) for any fixed ℓ ∈ L the map n ∈ N → F (n, ℓ) is projective,
(4) for any fixed n ∈ N the map ℓ ∈ L→ F (n, ℓ) is projective, and
(5) f(m) = F (p(m), f0) for any m ∈M1.
It remains to show that F is locally injective. To see this lift F to the map
F˜ : Ω1 × Proj(Ω1,Ω2)ρ → Ω2 given by F˜ (p, T ) = T (p). Then it is enough to show
that F˜ is injective. So suppose that T1(p1) = T2(p2) for some p1, p2 ∈ Ω1 and
T1, T2 ∈ Proj(Ω1,Ω2)ρ.
Given a subset A ⊂ P(Rd+1) let 〈A〉 be the smallest projective subspace con-
taining A. Notice that 〈Ti(Ω1)〉 = 〈Ti(Ext(Ω1))〉. Moreover, by Lemma 5.8 and
the fact that
T1(φ · p1) = ρ(φ)T1(p1) = ρ(φ)T2(p2) = T2(φ · p2) ⊂ 〈T2(Ω1)〉 ,
we see that
T1(Ext(Ω1)) ⊂ 〈T2(Ω1)〉 .
Similarly, T2(Ext(Ω1)) ⊂ 〈T2(Ω1)〉. Thus T1 and T2 have the same image. Let
P = 〈T (Ω1)〉 = 〈T (Ω2)〉. Now by the proof of Proposition 8.1 the maps T1 and
T2 yield τ -equivariant maps T 1 : ΩW → Ω2 ∩ P and T 2 : ΩW → Ω2 ∩ P . Notice
that T 1, T 2 : P(W )→ P are isomorphisms. Then Φ = T
−1
1 ◦ T 2 : ΩW → ΩW is an
ΓW -invariant map. We claim that Φ = [IdW ]. To see this first observe that there
exists R ≥ 0 such that
dΩW (Φ(p), p) ≤ R
for all p ∈ ΩW . This follows from the fact that ΓW acts co-compactly on ΩW .
Then by Lemma 5.5 we see that Φ(e) = e for every extreme point of ΩW . Now fix
a basis v1, . . . , vk of W such that [v1], . . . , [vk] are all extreme points of ΩW . Then
with respect to this basis Φ is given by a matrix of the form
Φ =


α1
. . .
αk

 .
Since Φ commutes with ΓW , ΓW preserves the projective subspace
Eλ = [Span(vi : αi = λ)]
for any λ ∈ R. But since ΓW acts irreducibly on P(W ) we must have that
α1 = · · · = αk
and hence that Φ = [IdW ]. But this implies that T 1 = T 2 and hence that T1 =
T2. 
9. Proof of Theorem 1.1
Using Proposition 1.2 and Proposition 1.5 it is enough to show:
Lemma 9.1. Suppose f0 : M1 → M2 is a locally injective projective map between
two compact proper convex real projective manifolds. If M2 is strictly convex then
[f0] = {f0}.
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Proof. Assume M1 = Γ1\Ω1 and M2 = Γ2\Ω2. As in Subsection 3.1, we can
lift f0 to a map T0 : Ω1 → Ω2 and T0 is ρ-equivariant for some homomorphism
ρ : Γ1 → Γ2. Since f0 is locally injective, T0 has full rank and hence is injective.
Then since T0 is injective, so is ρ.
We first claim that T0(∂Ω1) ⊂ ∂Ω2. Suppose not, then there exists some x ∈ ∂Ω1
so that T0(x) ∈ Ω2. Pick pn ∈ Ω1 so that pn → x. Then there exists R0 ≥ 0 so
that
dΩ2(T0(pn), T0(x)) ≤ R0
for all n ∈ N. There also exists ϕn ∈ Γ1 and R1 ≥ 0 so that
dΩ1 (pn, ϕnp1) ≤ R1
for all n ∈ N. Notice that ϕn → ∞ in PGLd1+1(R) because Aut(Ω1) is a closed
subgroup and x ∈ ∂Ω. Then
dΩ2 (ρ(ϕn)T0(p1), T0(x)) ≤ dΩ2(T0(ϕnp1), T0(pn)) + dΩ2(T0(pn), T0(x)) ≤ R0 +R1.
But Γ2 acts properly discontinuously on Ω2 and so the set {ρ(ϕn) : n ∈ N} is finite.
Since ρ is injective, the set {ϕn : n ∈ N} is also finite which contradicts the fact
that ϕn →∞ in PGLd+1(R). Thus T0(∂Ω1) ⊂ ∂Ω2.
Given f1 ∈ [f0] we can lift f1 to a ρ-equivariant projective map T1 : Ω1 → Ω2.
Since both T0 and T1 are ρ-equivariant and Γ1 acts co-compactly on Ω1 we see that
there exists R2 ≥ 0 so that
dΩ2 (T1(x), T2(x)) ≤ R2
for all x ∈ Ω1.
Next we claim that T0|∂Ω1 = T1|∂Ω1 . Fix a point x ∈ ∂Ω and a sequence pn ∈ Ω
so that pn → x. Suppose that y = T (x). Since y ∈ ∂Ω2 and Ω2 is strictly convex,
y is an extreme point of Ω2. Moreover,
dΩ2(T0(pn), T1(pn)) ≤ R2
for all n ∈ N. So by Lemma 5.5 we see that T1(x) = limn→∞ T1(pn) = y.
Finally we clam that T0 = T1. For a point p ∈ Ω1 let ℓ1 and ℓ2 be two distinct
projective lines through p. Then
Ti(p) = Ti(ℓ1) ∩ Ti(ℓ2).
However the projective line Ti(ℓj) is completely determined by Ti(ℓj ∩ ∂Ω1) and
T0|∂Ω1 = T1|∂Ω1 . Hence we see that T0 = T1. 
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